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LOCALIZATION PROPERTIES OF HIGHLY SINGULAR
GENERALIZED FUNCTIONS
A. G. Smirnov
∗
We study the loalization properties of generalized funtions dened on a broad lass of spaes of entire
analyti test funtions. This lass, whih inludes all GelfandShilov spaes Sβα(R
k) with β < 1, provides
a onvenient language for desribing quantum elds with a highly singular infrared behavior. We show
that the arrier one notion, whih replaes the support notion, an be orretly dened for the onsidered
analyti funtionals. In partiular, we prove that eah funtional has a uniquely determined minimal
arrier one.
Keywords: generalized funtion, analyti funtional, infrared singularity, arrier one, plurisubharmoni
funtion, Hormander's L2 estimates.
1. Introdution
In this paper, we study the loalization properties of generalized funtions dened on spaes of entire
analyti test funtions. The usual denition of the support of a generalized funtion is inappliable in this
ase beause of the lak of test funtions with ompat support (this diulty is well known in the theory
of hyperfuntions, where real-analyti test funtions are used; see, e.g., Chap. 9 in [1℄). The problem of
nding a reasonable substitute for the support notion is important for extending the Wightman axiomati
approah to quantum gauge theory. Beause of severe infrared singularities, gauge elds are generally well
dened only under smearing with entire analyti funtions in the momentum spae (for example, this is
the ase for the Shwinger model in an arbitrary α-gauge [2℄) and an therefore be treated neither in the
original Wightman framework [3℄ using tempered distributions nor in a more general framework [4℄ based
on Fourier hyperfuntions. This produes the problem of generalizing the spetral ondition [5℄, whose
standard formulation in terms of vauum expetations relies heavily on the notion of the support of a
generalized funtion
The loalization properties of funtionals dened on the Gelfand-Shilov spaes Sβα with β < 1 were
studied in [6, 7℄ (see [8℄ for the denition and properties of Sβα; if β < 1, then S
β
α onsists of entire analyti
funtions). It was shown that a arrier one notion, whih replaes the support notion, an be introdued
onsistently for suh funtionals. In partiular, it was proved that eah element of S′βα (R
k) (the topologial
dual of Sβα(R
k)) has a uniquely determined minimal arrier one. Here, we extend the results in [6, 7℄ to a
broader lass of test funtion spaes previously used to analyze the spetral properties of sums of innite
series in Wik powers of indenite-metri free elds [9℄. This lass is dened as follows.
Denition 1. Let α(s) and β(s) be unbounded ontinuous monotonially inreasing funtions on the
semiaxis s ≥ 0. Let β be onvex, and let there be a onstant κ > 0 suh that the funtion α(s)/sκ is
nondereasing for suiently large s. For any A,B > 0, Eβ,Bα,A (R
k) denotes the Banah spae of all entire
analyti funtions on Ck with the nite norm
sup
z=x+iy∈Ck
|f(z)|α(|x/A|)−β(B|y|).
∗
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The spae Eβα(R
k) is dened as the union
⋃
A,B>0 E
β,B
α,A (R
k) endowed with the indutive limit topology.
For deniteness, we everywhere assume that the norm | · | on Ck is uniform: |z| = max1≤j≤k |zj |. For
onvex α, the spaes Eβα oinide with the spaes of type W desribed in Chap. 1 in [10℄. If α(s) = s
1/µ
and β(s) = s1/(ν−1), ν < 1, then Eβα(R
k) = Sνµ(R
k) (to avoid onfusion, we use Sνµ instead of the standard
Sβα). We all a one W a oni neighborhood of a one U if W has an open projetion
1
and ontains U . To
dene arrier ones, in addition to Eβα(R
k), we introdue similar spaes assoiated with ones in Rk.
Denition 2. Let U be a nonempty one in Rk and α and β satisfy the onditions in Denition 1. For
any A,B > 0, Eβ,Bα,A (U) denotes the Banah spae of all entire analyti funtions on C
k
with the nite norm
‖f‖U,A,B = sup
z∈Ck
|f(z)|e−ρU,A,B(z),
where
ρU,A,B(x+ iy) = −α(|x/A|) + β(B|y|) + β(BδU (x)) (1)
and δU (x) = infx′∈U |x − x
′| is the distane from x to U . The spae Eβα(U) is dened by the relation
Eβα(U) =
⋃
A,B>0,W⊃U E
β,B
α,A (W ), where W ranges all oni neighborhoods of U and the union is endowed
with the indutive limit topology.
If U = Rk, then Denition 2 is equivalent to Denition 1. Hereafter, we assume that all onsidered
ones are nonempty. A losed one K is alled a arrier one of a funtional u ∈ E ′βα (R
k) if u has a
ontinuous extension to the spae Eβα(K). Our main result in this paper is the following theorem.
Theorem 1. Let the funtions α and β satisfy the onditions in Denition 1. If the spae Eβα(R
k) is
nontrivial (i.e., ontains nonzero funtions), then the following statements hold:
1. The spae Eβα(R
k) is dense in Eβα(U) for any one U ⊂ R
k
.
2. If K1 and K2 are losed ones in R
k
, then for any u ∈ E ′βα (R
k) arried by K1 ∪ K2, there exist
u1,2 ∈ E
′β
α (R
k) arried by K1,2 suh that u = u1 + u2.
3. If both K1 and K2 are arrier ones of u ∈ E
′β
α (R
k), then so is K1 ∩K2.
We note that analogous results for GelfandShilov spaes Sνµ were proved dierently for ν = 0 and
0 < ν < 1 in [6℄, [7℄. Our approah here allows treating both these ases the same.
Statement 1 in Theorem 1 shows that the spae of the funtionals with the arrier one K is naturally
identied with the spae E ′βα (K). By Denition 2, we have
Eβα(K) =
⋃
W⊃K
Eβα(W ),
where the union is taken over all oni neighborhoods ofK and is endowed with the indutive limit topology.
It hene follows from Statement 1 in Theorem 1 that a funtional u ∈ E ′βα (R
k) is arried by K if and only
if u has a ontinuous extension to the spae Eβα(W ) for every oni neighborhood W of K. Statement 3
in Theorem 1 implies that the intersetion of an arbitrary family {Kω}ω∈Ω of arrier ones of a funtional
u ∈ E ′βα (R
k) is again a arrier one of u. Indeed, let W be a oni neighborhood of K =
⋂
ω∈ΩKω. Then
by standard ompatness arguments (f. the proof of statement A in Lemma 9 below), there exists a nite
1
By denition, the projetion PrW of a one W ⊂ Rk is the image of W \ {0} under the anonial map from Rk \ {0} to
the sphere Sk−1 = (R
k \ {0})/R+ ; the projetion of W is assumed to be open in the topology of this sphere. We note that
the degenerate one {0} is a one with an open (empty) projetion.
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family ω1, . . . , ωn ∈ Ω suh that K˜ =
⋂n
j=1Kωj ⊂W . By Statement 3 in Theorem 1, K˜ is a arrier one of
u, and u therefore has a ontinuous extension to Eβα(W ). Hene, K is a arrier one of u. In partiular, eah
funtional u ∈ E ′βα (R
k) has a uniquely dened minimal arrier one, the intersetion of all arrier ones of u.
The proof of Theorem 1 essentially relies on using Hormander's L2 estimates for the solutions of the
inhomogeneous CauhyRiemann equations
2 ∂¯jψ = ηj , j = 1, . . . , k. These estimates ensure the existene
of a solution ψ that is square-integrable with respet to the weight funtion e−ρ/(1 + |z|)2 if the ηj are
square-integrable with respet to the weight funtion e−ρ and ρ is a plurisubharmoni funtion on Ck. To
illustrate how this result applies in our ase, we briey outline the proof of statement 1 in the theorem.
Let χ(z) be a smooth funtion on Ck vanishing for large |z| and equal to unity in a neighborhood of
the origin. For f ∈ Eβα(U), we onstrut an approximating sequene by setting fn(z) = f(z)χ(z/n)−ψn(z),
where the terms ψn are introdued to ensure the analytiity of fn. This latter ondition means that ψn
satisfy the equations ∂¯jψn(z) = n
−1f(z)(∂¯jχ)(z/n). Hene, we an use the L2 estimates to prove that the
ψn an be hosen suiently small that fn ∈ E
β
α(R
k) and fn → f in E
β
α(U). But this strategy implies using
L2-type norms, while E
β
α(U) are dened by supremum norms. We resolve this problem in Se. 2, where we
derive an equivalent representation for Eβα(U) in terms of Hilbert spaes. Another ompliation is that the
weight funtions e−ρU,A,B in Denition 2 are not appropriate for L2 estimates, beause the funtions ρU,A,B
are not plurisubharmoni. In Se. 3, we overome this diulty by onstruting suitable plurisubharmoni
approximations for ρU,A,B. We prove Theorem 1 in Se. 4.
2. Hilbert spae representation for E
β
α
Let A,B > 0 and U be a one in Rk. We let Hβ,Bα,A (U) denote the Hilbert spae of all entire funtions
on C
k
having the nite norm
‖f‖′U,A,B =
[∫
|f(z)|2e−2ρU,A,B(z) dλ(z)
]1/2
, (2)
where dλ is the Lebesgue measure on Ck and ρU,A,B is given by (1). We let E˜
β,B
α,A (U) denote the spae⋂
A′>A,B′>B E
β,B′
α,A′ (U) endowed with the topology dened by the norms ‖ · ‖U,A′,B′ .
Lemma 1. Let A,B > 0, U be a one in Rk, and α and β satisfy the onditions in Denition 1. Then
E˜β,Bα,A (U) is a nulear Frehet spae oiniding with
⋂
A′>A,B′>B H
β,B′
α,A′ (U) both as a set and topologially.
Proof. The spae E˜β,Bα,A (U) belongs to the lass of the spaesH(M) introdued in [11℄. The spaesH(M)
and Hp(M) for p ≥ 1 are dened
3
by a family M = {Mγ}γ∈Γ of stritly positive ontinuous funtions on
Ck and onsist of all entire analyti funtions on Ck having the respetive nite norms
sup
z∈Ck
Mγ(z)|f(z)|,
[∫
(Mγ(z))
p|f(z)|p dλ(z)
]1/p
.
We suppose that (a) for any γ1, γ2 ∈ Γ, we an nd γ ∈ Γ and C > 0 suh that Mγ ≥ C(Mγ1 +Mγ2) and
(b) there exists a ountable set Γ′ ⊂ Γ suh that for every γ ∈ Γ, we an nd γ′ ∈ Γ′ and C > 0 suh
that CMγ ≤ Mγ′. Let Γ = {(A
′, B′) : A′ > A, B′ > B} and MA′,B′(z) = e
−ρU,A′,B′ (z)
. Then all the above
onditions are satised, and we have H(M) = E˜β,Bα,A (U) and H2(M) =
⋂
A′, B′ H
β,B′
α,A′ (U). By Lemma 12
in [11℄, H(M) is a nulear Frehet spae oiniding with Hp(M) for any p ≥ 1 if the following onditions
are satised:
2
Here and hereafter, we use the short notation ∂¯j for ∂/∂z¯j .
3
The denition of H(M) and Hp(M) given here is slightly less general than that in [11℄ but sues for our purposes.
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(I) For any γ ∈ Γ, there exists γ′ ∈ Γ suh that Mγ(z)/Mγ′(z) is integrable on C
k
and tends to zero as
|z| → ∞.
(II) For any γ ∈ Γ, there exist γ′ ∈ Γ, a neighborhood of the origin B in Ck, and C > 0 suh that
Mγ(z) ≤ CMγ′(z + ζ) for any z ∈ C
k
and ζ ∈ B.
In the onsidered ase, the satisfation of onditions (I) and (II) respetively follows from Lemmas 2 and 3
below. The lemma is proved.
Lemma 2. Let U be a one in Rk and α and β satisfy the onditions in Denition 1. For any A′ > A > 0
and B′ > B > 0, σ, τ > 0 an be found suh that
ρU,A′,B′(z)− ρU,A,B(z) + C ≥ σ|z|
τ , z ∈ Ck, (3)
where C is a onstant and ρU,A,B is given by (1).
Proof. Without loss of generality, we assume that β(0) = 0. Let κ satisfy the onditions in Denition 1,
s0 > 0 be suh that α(s0) > 0, β(s0) > 0, and the funtion µ(s) = α(s)/s
κ
be nondereasing for s ≥ s0.
For |x| ≥ A′s0, we have
α
(
|x|
A
)
− α
(
|x|
A′
)
=
|x|κ
Aκ
µ
(
|x|
A
)
−
|x|κ
A′κ
µ
(
|x|
A′
)
≥
≥
(
1
Aκ
−
1
A′κ
)
µ
(
|x|
A
)
|x|κ ≥
(
1
Aκ
−
1
A′κ
)
µ(s0)|x|
κ .
Beause β(0) = 0, the onvexity of β implies that β(s) ≤ tβ(s/t) for any s ≥ 0 and 0 < t ≤ 1. It hene
follows that β(s)/s is a nondereasing funtion. We therefore have
β(B′|y|)− β(B|y|) ≥ (B′ −B)
β(B′|y|)
B′|y|
|y| ≥ (B′ −B)
β(s0)
s0
|y|
for |y| ≥ s0/B
′
. Setting τ = min(1,κ) and summing the estimates for α and β, we nd that inequality (3)
with C = 0 holds for large |z| if σ is suiently small. Beause all onsidered funtions are ontinuous,
adding a suiently large positive onstant to the left-hand side ensures that the required bound holds for
all z ∈ Ck. The lemma is proved.
Lemma 3. Let R > 0, U be a one in Rk, α and β be nondereasing funtions on [0,∞), and ρU,A,B
be given by (1). For any A′ > A > 0 and B′ > B > 0, there exists a onstant C suh that
ρU,A,B(z + ζ) ≤ ρU,A′,B′(z) + C, z, ζ ∈ C
k, |ζ| ≤ R.
Proof. Without loss of generality, we an assume that α and β are nonnegative. It then follows from
the monotoniity of α and β that α((s +R)/A′) ≤ α(s/A) + α(R/(A′ −A)) and β(B(s + R)) ≤ β(B′s) +
β(RBB′/(B′ −B)). Let z = x+ iy and ζ = ξ + iη be suh that |ζ| ≤ R. Beause δU (x+ ξ) ≤ δU (x) + |ξ|,
we have
α
(
|x|
A′
)
≤ α
(
|x+ ξ|+R
A′
)
≤ α
(
|x+ ξ|
A
)
+ α
(
R
A′ −A
)
,
β(B|y + η|) + β(BδU (x+ ξ)) ≤ β(B
′|y|) + β(B′δU (x)) + 2β
(
RBB′
B′ −B
)
.
Summing these inequalities yields the required estimate.
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Corollary 1. If f ∈ Eβα(U), then f(·+ ζ) ∈ E
β
α(U) for any ζ ∈ C
k
.
We reall that dual FrehetShwartz (DFS) spaes are by denition the indutive limits of sequenes
of loally onvex spaes with injetive ompat linking maps (see [12℄).
Lemma 4. Let U be a one in Rk and α and β satisfy the onditions in Denition 1. Then Eβα(U) is a
nulear DFS spae oiniding (both as a set and topologially) with the spae
⋃
A,B>0,W⊃U
Hβ,Bα,A (W ),
where W ranges all oni neighborhoods of U and the union is endowed with the indutive limit topology.
Proof. Let A′ > A > 0 and B′ > B > 0, and let W ⊃W ′ be oni neighborhoods of U . Then we have
ontinuous inlusion maps Eβ,Bα,A (W )→ E˜
β,B
α,A (W )→ E
β,B′
α,A′ (W
′). We therefore have
Eβα(U) =
⋃
A,B>0,W⊃U
E˜β,Bα,A (W ). (4)
Beause ountable indutive limits of nulear spaes are nulear (see, e.g., the orollary to Theorem III.7.4
in [13℄), the nulearity of Eβα(U) follows from Lemma 1. Beause all ontinuous maps from nulear spaes to
Banah spaes are nulear (Theorem III.7.2 in [13℄), the inlusion map Eβ,Bα,A (W )→ E
β,B′
α,A′ (W
′) is nulear as a
omposition of a nulear map and a ontinuous map. It hene follows that Eβα(U) is a DFS spae beause nu-
lear maps are ompat (Corollary 1 to Theorem III.7.1 in [13℄). By Lemma 1, we have ontinuous inlusions
Hβ,Bα,A (W ) → E˜
β,B
α,A (W ) → H
β,B′
α,A′ (W
′). In view of (4), this implies that Eβα(U) =
⋃
A,B>0,W⊃U H
β,B
α,A (W ).
The lemma is proved.
3. Plurisubharmoni approximations
We reall that the norm | · | is assumed to be uniform.
Theorem 2. Let A,B > 0, U be a nonempty one in Rk, α be a ontinuous nondereasing funtion on
[0,∞), and β be a ontinuous onvex nondereasing funtion on [0,∞). If there exists an entire funtion ϕ
on C whih is not identially zero and satises the bound
|ϕ(z)| ≤ eβ(|B0y|)−α(|x/A0|), z = x+ iy ∈ C, (5)
for some A0, B0 > 0, then for any R > 0, there exists a plurisubharmoni funtion ρR on C
k
suh that
ρR(z) ≤ ρRk,A′,B′(z) + β(2BeR), z = x+ iy ∈ C
k,
ρR(z) ≤ ρU,A′,B′(z), z ∈ C
k, (6)
ρR(z) ≥ ρU,A,B(z)−H, |x| ≤ R,
where ρU,A,B is given by (1), H is a onstant independent of R, A
′ = 2A, and B′ = (2ek+1)B+4kA0B0/A.
If α is onave, then we an set A′ = A.
Corollary 2. Under the onditions of Theorem 2, there exists a plurisubharmoni funtion ρ suh that
ρU,A,B(z)−H ≤ ρ(z) ≤ ρU,A′,B′(z), z ∈ C
k,
where ρU,A,B is given by (1), H is a onstant, A
′ = 2A, and B′ = (2ek+1)B+4kA0B0/A. If α is onave,
then we an set A′ = A.
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Proof. Let ρR satisfy the onditions in Theorem 2. Then the funtion ρ(z) = limz′→z supR>0 ρR(z
′)
is plurisubharmoni (Se. II.10.3 in [14℄) and satises the required estimate.
To prove Theorem 2, we need two lemmas.
Lemma 5. Let α and β be ontinuous nondereasing funtions on [0,∞), and let there exist an entire
analyti funtion ϕ on C that is not identially zero and satises the bound
|ϕ(z)| ≤ eβ(|y|)−α(|x|), z = x+ iy ∈ C. (7)
Then there exist a plurisubharmoni funtion ρ on Ck and a onstant H suh that
− α(2|x|) − kβ(4|y|)−H ≤ ρ(z) ≤ kβ(4|y|)− α(|x|), z = x+ iy ∈ Ck. (8)
If α is onave, then there exist a plurisubharmoni funtion ρ on Ck and a onstant H suh that
− α(|x|) − kβ(2|y|)−H ≤ ρ(z) ≤ kβ(2|y|)− α(|x|), z = x+ iy ∈ Ck. (9)
Proof. Without loss of generality, we an assume that α(0) = β(0) = 0 and ϕ(0) 6= 0 (if ϕ has a zero of
order n at z = 0, then we an replae ϕ with ϕ˜(z) = Cϕ(z)/zn; the funtion ϕ˜ satises (7) for suiently
small C). We set
ρ˜(z) = sup
ζ∈Ck
{Φ(z − ζ) +M(ζ)},
M(ζ) = inf
z′=x′+iy′∈Ck
{−Φ(z′ − ζ) + kβ(4|y′|)− α(|x′|)},
(10)
where Φ(z) =
∑k
j=1 log |ϕ(2zj)|. We obviously have ρ˜(z) ≤ kβ(4|y|) − α(|x|). Beause Φ is plurisub-
harmoni, ρ(z) = limz′→z ρ˜(z) is also a plurisubharmoni funtion (see Se. II.10.3 in [14℄). In view
of the ontinuity of α and β, we have ρ˜(z) ≤ ρ(z) ≤ kβ(4|y|) − α(|x|), and it remains to show that
ρ˜(z) ≥ −α(2|x|) − kβ(4|y|)−H . It follows from (7) that
−Φ(z′ − z) ≥ α(2|x′ − x|)− kβ(2|y′ − y|), ζ = ξ + iη,
and setting H = −Φ(0) = −k log |ϕ(0)|, we obtain
ρ˜(z) ≥ −H +M(z) ≥ inf
x′,y′∈Rk
{kβ(4|y′|)− kβ(2|y′ − y|) + α(2|x′ − x|)− α(|x′|)} −H. (11)
Beause both α and β are nonnegative and monotoni, we have
β(2|y′|)− β(|y′ − y|) ≥ −β(2|y|), α(2|x′ − x|)− α(|x′|) ≥ −α(2|x|). (12)
Substituting these inequalities in (11), we obtain the required lower estimate for ρ˜. Thus, (8) is proved.
Now let α be onave. We replae β(4|y′|) with β(2|y′|) in denition (10) of M(ζ) and modify Φ(z)
by setting Φ(z) =
∑k
j=1 log |ϕ(zj)|. Dening ρ˜ and ρ as above, we obtain ρ˜(z) ≤ ρ(z) ≤ kβ(2|y|)− α(|x|).
Proeeding as above, we obtain the estimate
ρ˜(z) ≥ inf
x′,y′∈Rk
{kβ(2|y′|)− kβ(|y′ − y|) + α(|x′ − x|)− α(|x′|)} −H. (13)
Beause α is onave and α(0) = 0, we have α(s+ t) ≤ α(s) + α(t) for any s, t ≥ 0. It hene follows that
α(|x + x′|) ≤ α(|x|) + α(|x′|)
for any x, x′ ∈ Rk. Changing x′ → x′ − x, we obtain α(|x′ − x|) − α(|x′|) ≥ −α(|x|). Substituting this
estimate and the rst of inequalities (12) in (13) yields ρ˜(z) ≥ −α(|x|)− kβ(2|y|)−H , whih ompletes the
proof of (9).
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Lemma 6. Let U be a one in Rk. For any R > 0, there exists a plurisubharmoni funtion σR on C
k
suh that
σR(z) ≤ k|y|+R, z = x+ iy ∈ C
k, (14)
σR(z) ≤ k|y|+ δU (x), z ∈ C
k, (15)
σR(z) ≥ δU
(x
e
)
, |x| ≤ R, (16)
where δU (x) = infx′∈U |x− x
′| is the distane from x to U .
Proof. For any a > 0, we dene the subharmoni funtion Θa on C:
Θa(z) = a log
∣∣∣∣sin(z/a)z/a
∣∣∣∣ .
This funtion satises the inequalities
Θa(iy) ≥ 0, y ∈ R, (17)
Θa(z) ≤ |y| − a log
+
(
|x|
a
)
, z = x+ iy ∈ C, (18)
where log+(r) = max(log r, 0). Indeed, beause
Θa(iy) = a log
(
sinh(y/a)
y/a
)
,
estimate (17) follows from the inequality sinh y/y ≥ 1, y ∈ R. Further, it follows from the inequalities
| sin z| ≤ e|y|,
∣∣∣∣ sin zz
∣∣∣∣ ≤ e|y|, z = x+ iy ∈ C,
that ∣∣∣∣sin(z/a)z/a
∣∣∣∣ ≤ e|y/a|min(1, a/|x|).
Passing to the logarithms, we obtain (18). We now set
σ˜R(z) = sup
a>0, ξ∈Rk, |ξ|≤R
{Φa(z − ξ) +Ma(ξ)},
Ma(ξ) = inf
z′=x′+iy′∈Ck
{−Φa(z
′ − ξ) + k|y′|+ δU (x
′)},
where Φa(z) =
∑k
j=1Θa(zj). We obviously have σ˜R(z) ≤ k|y|+ δU (x). By inequality (18), Φa(z− ξ) ≤ k|y|
and therefore σ˜R(z) ≤ k|y| + supa>0, |ξ|≤RMa(ξ). Beause Φa(0) = 0, it follows from the denition of
Ma that Ma(ξ) ≤ δU (ξ). Hene, σ˜R(z) ≤ k|y| + R. Beause Φa are plurisubharmoni funtions, σR(z) =
limz′→z σ˜R(z) is also a plurisubharmoni funtion, and it follows from the ontinuity of δU (x) and |y| that
σR satises (14) and (15). Estimate (17) implies that Φa(iy) ≥ 0, y ∈ R
k
. Therefore,
σ˜R(z) ≥ sup
a>0
(Φa(iy) +Ma(x)) ≥ sup
a>0
Ma(x), |x| ≤ R. (19)
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Using the elementary inequalities
∑k
j=1 log
+ |xj | ≥ log
+(|x|) and
∑k
j=1 |yj | ≤ k|y|, we obtain
Ma(x) ≥ inf
x′∈Rk
{
a log+
(
|x′|
a
)
+ δU (x+ x
′)
}
(20)
from estimate (18). Estimating δU (x+ x
′) from below by max(δU (x)− |x
′|, 0) and alulating the inmum
with respet to x′, we obtain Ma(x) ≥ a log
+(δU (x)/a). Let δU (x) > 0 and a0 = δU (x)/e. In view of (19),
we nd that
σ˜R(z) ≥Ma0(x) ≥ δU (x)/e, |x| ≤ R. (21)
If δU (x) = 0 and |x| ≤ R, then the estimate σ˜R(z) ≥ δU (x)/e also holds beause in view of (19) and (20),
we have σ˜R(z) ≥ 0. Hene, (16) follows beause σR ≥ σ˜R. The lemma is proved.
Proof of Theorem 2. Without loss of generality, we assume that β(0) = 0. We set ρ′R(z) =
β(BeσR(z)), where σR is a plurisubharmoni funtion satisfying the onditions in Lemma 6. Beause a
omposition of a nondereasing onvex funtion with a plurisubharmoni funtion is plurisubharmoni (The-
orem 4.1.13 and Se. 4.1 in [15℄), ρ′R is a plurisubharmoni funtion. Beause β is monotoni, inequalities
(14)-(16) imply the estimates
ρ′R(z) ≤ β(2Bek|y|) + β(2BeR), z = x+ iy ∈ C
k,
ρ′R(z) ≤ β(2Bek|y|) + β(2BeδU (x)), z ∈ C
k, (22)
ρ′R(z) ≥ β(δU (Bx)), |x| ≤ R.
By Lemma 5, there exist a plurisubharmoni funtion ρ′′ and a onstant H suh that
− α(|x/A|) − kβ(D|y|)−H ≤ ρ′′(z) ≤ kβ(D|y|)− α(|x/A′|), (23)
where A′ = 2A and D = 2A0B0/A (A
′ = A if α is onave). We set ρR(z) = ρ
′
R(z) + ρ
′′(z) + kβ(D|y|) +
β(|By|). The funtion ρR is plurisubharmoni beause β(D|y|) and β(|By|) are onvex and are therefore
plurisubharmoni funtions. Estimates (6) with B′ = 2kD + (2ek + 1)B easily follow from (22), (23), and
the inequality
2kβ(D|y|) + β(B|y|) + β(2Bek|y|) ≤ β(B′|y|),
whih follows from the onvexity of β and the ondition β(0) = 0.
4. Proof of Theorem 1
As above, we let dλ denote the Lebesgue measure on Ck. The proof of Theorem 1 is based on the
following statement, whih is a partiular ase of Theorem 4.2.6 in [15℄.
Lemma 7. Let ρ be a plurisubharmoni funtion on Ck and ηj , j = 1, . . . , k, be loally square-integrable
funtions on Ck. If ∫
|ηj(z)|
2e−ρ(z) dλ(z) <∞
for all j and ηj (as generalized funtions) satisfy the ompatibility onditions ∂¯jηl = ∂¯lηj , then the inho-
mogeneous CauhyRiemann equations ∂¯jψ = ηj have a loally square-integrable solution satisfying the
estimate
4
2
∫
|ψ(z)|2e−ρ(z)(1 + |z|2)−2 dλ(z) ≤ k2
k∑
j=1
∫
|ηj(z)|
2e−ρ(z) dλ(z).
4
The estimate in Lemma 7 diers from the estimate in [15℄ by the fator k2 in the right-hand side, whih appears beause
we use the uniform norm instead of the Eulidean norm used in [15℄.
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Let ρ be a measurable loally bounded funtion on Ck. We let L2(C
k, e−ρdλ) denote the Hilbert spae
of funtions square-integrable with respet to the measure e−ρdλ and Hρ denote the losed subspae of
L2(C
k, e−ρdλ) onsisting of entire analyti funtions.
Lemma 8. Let ρ0, ρ, and ρ
′
be measurable loally bounded funtions on Ck suh that ρ0 ≤ ρ
′
and
ρ ≤ ρ′. If there exists a plurisubharmoni funtion ρR for any R > 0 suh that
ρR(z) + 2 log(1 + |z|
2) ≤ ρ′(z), z ∈ Ck, (24)
ρR(z) + 2 log(1 + |z|
2) ≤ ρ0(z) + CR, z ∈ C
k, (25)
ρR(z) ≥ ρ(z), |z| ≤ R, (26)
where CR is a onstant, then Hρ is ontained in the losure of Hρ0 in Hρ′ .
Proof. Let f ∈ Hρ and χ be a smooth funtion on C
k
suh that 0 ≤ χ ≤ 1, χ(z) = 1 for |z| ≤ 1,
and χ(z) = 0 for |z| ≥ 2. We set gn(z) = f(z)χ(z/n). Beause ∂¯jgn(z) = n
−1f(z)(∂¯jχ)(z/n) vanishes for
|z| ≥ 2n, it follows from (26) that
∫
|∂¯jgn(z)|
2e−ρ2n(z) dλ(z) ≤
∫
|∂¯jgn(z)|
2e−ρ(z) dλ(z) ≤
a
n2
‖f‖2ρ, j = 1, 2, . . . , k,
where ‖ · ‖ρ is the norm in L2(C
k, e−ρdλ) and a = supz,j |∂¯jχ(z)|
2
. By Lemma 7, there exists a loally
square-integrable funtion ψn on C
k
suh that ∂¯jψn = ∂¯jgn and
∫
|ψn|
2e−ρ2n(z)(1 + |z|2)−2 dλ(z) ≤
k3a
2n2
‖f‖2ρ. (27)
In view of (25), this implies that ‖ψn‖ρ0 < ∞. Further, we have ∂¯j(gn − ψn) = 0, and gn − ψn therefore
oinides almost everywhere with an entire analyti funtion fn. Beause gn is a funtion with ompat
support, we have ‖gn‖ρ0 <∞ and hene fn ∈ Hρ0 . Beause ρ ≤ ρ
′
, we have
‖f − gn‖
2
ρ′ ≤
∫
|z|≥n
|f(z)|2e−ρ(z) dλ(z).
Hene, gn → f in L2(C
k, e−ρ
′
dλ). By (24) and (27), we have ‖ψn‖
2
ρ′ ≤ k
3a‖f‖2ρ/(2n
2). Therefore, fn → f
in Hρ′ , and the lemma is proved.
Lemma 8 was proved dierently in [7℄ under the additional assumption that the ρR are smooth. The
simple proof given above is loser to the line of reasoning skethed in Se. 5 in [6℄.
We note that the spaes Hβ,Bα,A (U) onsidered in Se. 2 oinide with Hρ for ρ = 2ρU,A,B.
Proof of Theorem 1.
1. Let f ∈ Eβα(U). By Lemma 4, there exist A,B > 0 and a oni neighborhood W of U suh that
f ∈ Hβ,Bα,A (W ). In view of Corollary 1, the nontriviality of E
β
α(R
k) implies the existene of A0, B0 > 0, and
f0 ∈ E
β,B0
α,A0
(Rk) suh that f0(0) 6= 0 and ‖f0‖Rk,A0,B0 ≤ 1. Then the entire funtion ϕ(z) = f0(z, 0, . . . , 0)
on C is not identially zero and satises (5). It follows from Lemma 2 and Theorem 2 that the funtions
ρ = 2ρW,A,B − H , ρ0 = 2ρRk,A′,B′ , and ρ
′ = 2ρW,A′,B′ satisfy the onditions in Lemma 8 if A
′ > 2A,
B′ > (2ek + 1)B + 4kA0B0/A, and the onstant H is suiently large. By Lemma 8, there exists a
sequene fn ∈ H
β,B′
α,A′ (R
k) tending to f in Hβ,B
′
α,A′ (W ). By Lemma 4, the Hilbert topology of H
β,B′
α,A′ (W ) is
stronger than the topology indued from Eβα(U). Hene, fn → f in E
β
α(U).
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2. Let l : Eβα(K1∪K2)→ E
β
α(K1)⊕E
β
α(K2) and m : E
β
α(K1)⊕E
β
α(K2)→ E
β
α(K1∩K2) be the ontinuous
linear maps respetively taking f to (f, f) and (f1, f2) to f1− f2. The map l has a losed image beause we
have Eβα(K1) ∩ E
β
α(K2) = E
β
α(K1 ∪K2) by Denition 2, and therefore Im l = Kerm. In view of Lemma 4,
this implies that the spae Im l is a DFS spae.5 Let u ∈ E ′βα (R
k) be a funtional arried by K1 ∪K2 and uˆ
be its ontinuous extension to Eβα(K1 ∪K2). The linear funtional uˆl
−1
is ontinuous on Im l by the open
map theorem (see Theorem IV.8.3 in [13℄; it is appliable beause DFS spaes as strong duals of reexive
Frehet spaes are B-omplete [12℄); by the HahnBanah theorem, there exists a ontinuous extension v
of this funtional to the entire spae Eβα(K1)⊕ E
β
α(K2). Let v1 and v2 be the respetive restritions of v to
Eβα(K1) and E
β
α(K2). Then for any f ∈ E
β
α(K1 ∪K2), we have uˆ(f) = v(f, f) = v1(f) + v2(f). This means
that u = u1+ u2, where u1,2 are the restritions of v1,2 to E
β
α(R
k). By onstrution, u1,2 are arried by the
ones K1,2.
3. Let l and m be as dened above, u ∈ E ′βα (R
k) be a funtional arried by both K1 and K2, and
u1,2 be its ontinuous extensions to E
′β
α (K1,2). If the map m is surjetive, then the open map theorem
implies that Eβα(K1 ∩K2) is topologially isomorphi to the quotient spae (E
β
α(K1)⊕ E
β
α(K2))/Kerm. We
dene the ontinuous linear funtional v on Eβα(K1) ⊕ E
β
α(K2) by the relation v(f1, f2) = u1(f1) − u2(f2).
By statement 1 in the theorem, u1 and u2 oinide on E
β
α(K1 ∪K2), and therefore Ker v ⊃ Im l. Beause
Kerm = Im l, this inlusion implies the existene of a funtional uˆ ∈ E ′βα (K1 ∩K2) suh that v = uˆm. If
f1,2 ∈ E
β
α(K1,2), then we have uˆ(f1) = v(f1, 0) = u1(f1) and uˆ(f2) = v(0,−f2) = u2(f2). Hene, uˆ is a
ontinuous extension of u to Eβα (K1∩K2). Proving statement 3 thus redues to proving that m is surjetive.
The latter is implied by the following result on the deomposition of test funtions.
Theorem 3. Let Eβα(R
k) be nontrivial, K1 and K2 be losed ones in R
k
, and f ∈ Eβα(K1 ∩K2). Then
there exist f1,2 ∈ E
β
α(K1,2) suh that f = f1 + f2.
In the next lemma, we summarize some simple fats about ones in Rk needed for proving Theorem 3.
Lemma 9. Let K1 and K2 be losed ones in R
k
.
A. For any oni neighborhood W of K1 ∩ K2, there exist oni neighborhoods V1,2 of K1,2 suh that
V¯1 ∩ V¯2 ⊂W (the bar means losure).
B. If K1 ∩K2 = {0}, then there exists θ > 0 suh that δK1(x) ≥ θ|x| for any x ∈ K2.
Proof. A. We let C denote the set of all ones in Rk ontaining the origin. By assumption, K1, K2,
and W belong to C. It is easy to see that the map U → PrU is a bijetion between C and the set of all
subsets of the sphere Sk−1 = (R
k \ {0})/R+. Let Q denote its inverse map. It an be easily veried that
both Pr and Q preserve losures, unions, and intersetions. Hene, the PrK1,2 are losed, and we have
PrK1 ∩ PrK2 ⊂ PrW . Beause Sk−1 is ompat, there exist open neighborhoods O1,2 of PrK1,2 in Sk−1
suh that O¯1 ∩ O¯2 ⊂ PrW . We set V1,2 = Q(O1,2). Then V¯1 ∩ V¯2 = Q(O¯1 ∩ O¯2) ⊂ Q(PrW ) =W .
B. Let K2 6= {0} (if K2 = {0}, then the statement holds for any θ > 0). We set F = {x ∈ R
k : x ∈
K2 and |x| = 1} and θ = infx∈F δK1(x). Beause F is ompat and F ∩K1 = ∅, we have θ > 0. It remains
to note that δK1(x) = |x|δK1(x/|x|) ≥ θ|x| for any nonzero x ∈ K2.
Lemma 10. Let A,B > 0, and let U1, U2, and U be ones in R
k
suh that U¯1 ∩ U¯2 = {0}. If E
β
α(R
k)
is nontrivial, then for any f ∈ Hβ,Bα,A (U), there exist A
′, B′ > 0 and f1,2 ∈ H
β,B′
α,A′ (U ∪ U1,2) suh that
f = f1 + f2.
5
We reall that the diret sum of a nite family of DFS spaes and a losed subspae of a DFS spae are again DFS spaes
(see [12℄).
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Proof. There exist oni neighborhoods V1,2 of U1,2 and measurable ones W1,2 suh that
W1 ∪W2 = R
k, W1 ∩W2 = {0}, V¯ν ∩ W¯ν = {0}, ν = 1, 2. (28)
Indeed, applying statement A in Lemma 9 to the losed ones U¯1 and U¯2,
6
we nd oni neighborhoods
V1,2 of U¯1,2 suh that V¯1 ∩ V¯2 = {0}. Applying statement A in Lemma 9 to V¯1,2 again, we see that there
exists a oni neighborhood W2 of V¯1 suh that V¯2 ∩ W¯2 = {0}. We set W1 = (R
k \W2) ∪ {0}. Then the
rst two relations in (28) obviously hold, and we have V¯1 ∩ W¯1 = V¯1 ∩W1 = {0} beause W1 is losed.
Let g0 be a nonnegative smooth funtion on R
k
suh that g0(x) = 0 for |x| ≥ 1 and
∫
Rk
g0(x) dx = 1.
We dene smooth funtions g1 and g2 on C
k
by the relations
gν(x+ iy) =
∫
Wν
g0(x− ξ) dξ, x, y ∈ R
k, ν = 1, 2.
By (28), we have g1+g2 = 1. Applying statement B in Lemma 9 to the losed ones U¯ν and (R
k \Vν)∪{0},
we onlude that there exists θ ∈ (0, 1) suh that δUν (x) ≥ θ|x| for x /∈ Vν , ν = 1, 2. Beause δU (x) ≤ |x|
for any x ∈ Rk, we have
δU (θx) ≤ min(δU (x), θ|x|) ≤ min(δU (x), δUν (x)) = δU∪Uν (x), x /∈ Vν . (29)
Let W˜ν = {x ∈ R
k : δWν (x) ≤ 1}, ν = 1, 2. It follows from (28) and statement B in Lemma 9 that there
exists θ′ > 0 suh that δWν (x) ≥ θ
′|x| for x ∈ V¯ν , ν = 1, 2. Hene, δWν (x) > 1 for all x ∈ Vν suh that
|x| ≥ 1/θ′, i.e., the sets Vν ∩ W˜ν are bounded in R
k
. In view of (29), this implies that
δU (x) ≤ δU∪Uν
(x
θ
)
+ C, x ∈ W˜ν , ν = 1, 2, (30)
where C is a onstant. It hene follows that
δU (x) ≤ δU∪U1∪U2
(x
θ
)
+ C, x ∈ W˜1 ∩ W˜2. (31)
Let f˜1,2 = fg1,2. Beause f is analyti, we have ∂¯j f˜1 = f ∂¯jg1, j = 1, . . . , k. By the denition of gν , we
have supp gν ⊂ W˜ν , ν = 1, 2. Beause g1 + g2 = 1, this implies supp ∂¯jg1 ⊂ W˜1 ∩ W˜2, and in view of (2),
(30), and (31), we obtain
‖f˜ν‖
′
U∪Uν ,A,B˜
≤ C˜‖f‖′U,A,B, ‖∂¯j f˜1‖
′
U∪U1∪U2,A,B˜
≤ C˜‖f‖′U,A,B, ν = 1, 2, (32)
where j = 1, . . . , k, B˜ = B/θ, and C˜ is a positive onstant. As shown in the proof of statement 1 in
Theorem 1, the nontriviality of Eβα(R
k) implies the existene of an entire funtion ϕ on C satisfying (5). By
Lemma 2 and Corollary 2, there exist A′ ≥ A, B′ ≥ B˜, and a plurisubharmoni funtion ρ suh that
ρU∪U1∪U2,A,B˜(z)−H ≤ ρ(z) ≤ ρU∪U1∪U2,A′,B′(z)− log(1 + |z|
2), z ∈ Ck, (33)
6
We note that the degenerate one {0} is a oni neighborhood of itself.
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where H is a onstant. It follows from (32) and (33) that
∫
|∂¯j f˜1(z)|
2e−2ρ(z) dλ(z) <∞.
By Lemma 7, the inhomogeneous CauhyRiemann equations ∂¯jψ = ∂¯j f˜1 have a loally square-integrable
solution suh that ∫
|ψ(z)|2e−2ρ(z)(1 + |z|2)−2 dλ(z) <∞. (34)
We have ∂¯j(f˜1 − ψ) = ∂¯j(f˜2 + ψ) = 0; therefore, there exist entire analyti funtions f1 and f2 that
respetively oinide almost everywhere with f˜1 − ψ and f˜2 + ψ. It follows from the seond inequality
in (33) and ondition (34) that ‖ψ‖′U∪U1∪U2,A′,B′ <∞. In view of (32), it follows that fν ∈ H
β,B′
α,A′ (U ∪Uν),
ν = 1, 2. To omplete the proof, it remains to note that f = f1+f2 beause ontinuous funtions oiniding
almost everywhere are equal.
Proof of Theorem 3. By Lemma 4, there exist A,B > 0 and a oni neighborhood W of K1 ∩K2
suh that f ∈ Hβ,Bα,A (W ). By statement A in Lemma 9, we an nd oni neighborhoods V1,2 of K1,2
suh that V¯1 ∩ V¯2 ⊂ W . Beause W has an open projetion, the one V = (R
k \ W ) ∪ {0} is losed.
Applying Lemma 10 to the losed ones U1,2 = V¯1,2 ∩ V (obviously, U1 ∩U2 = {0}), we nd A
′, B′ > 0 and
f1,2 ∈ H
β,B′
α,A′ (W ∪ U1,2) suh that f = f1 + f2. Beause W ∪ U1,2 ⊃ V1,2, it follows from Lemma 4 that
f1,2 ∈ E
β
α(K1,2). This ompletes the proof of Theorem 3 and statement 3 in Theorem 1.
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